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Abstract 

A general form of quasi-de Sitter(dS) modes in a dynamical background is used to 
study the creation of particle during the inflation. Actually, by considering the general 
form of inflaton field equation as a function of the Hankel function index and by using 
the Planck 2015 constraint on spectral index, we obtain the possible new constraints for 
the values of coupling constant in the era with quasi-dS space-time. Then, we explicitly 
calculate the general form of expectation value of the created particles in terms of the 
Hankel function index and the conformal time. As an important result, we see that 
the number of created particles and the value of coupling constant can be dependent to 
the selection of the background space-time and it’s dynamics. Our result is general and 
confirm the conventional special results for the Minkowski and dS background. 
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1 Introduction and Motivation 

The models of particle creation in the expanding background have received considerable atten¬ 
tion in the literature [1, 2] and the most important one is the seminal paper of Parker in the 
late 1960s [3, 4, 5]. It is well known that the theory of cosmology is governed by the general 
relativity in curved space-time and if one attempts to build a quantum held theory in curved 
space-time, general coordinate invariance imposes some ambiguity effects, for example, there 
is no unique notion for the vacuum state in a generic curved space-time. Immediately, this 
imposes the ambiguity on the concept of particle since it becomes observer dependent. At 
every point of space-time, there is a physical prescription which dehnes an observer frame and 
each observer may dehne for him/herself a special vacuum in any frame. Since the vacuum of 
two observers at two different points of the curved space-time manifold will be different, the 
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positive frequency modes of observer Oone or Otwo can actually be written as a combination of 
the positive and negative frequency modes of another observer. Therefore, from the point of 
view of Otwo 1 the vacuum state of Oone will contain some particles and vice-versa. This is in 
fact the basic concept about the particle creation that Parker hrst time offered [1, 6]. We are 
going to use this interesting idea, as a main concept in the section 4.3. of this paper. 

Recent cosmological observations indicate that the standard inflationary paradigm consisting 
of a single scalar field undergoing a slow-roll dynamics which could give an excellent description 
of the early Universe [7]. In particular, the metric perturbations that give rise to the CMB 
temperature anisotropy and drive the growth of large scale structure are thought to have arisen 
from quantum fluctuations of scalar held in the vacuum state with the exponential growth of 
the scale factor stretching the wavelengths of these huctuations from the micro to the macro 
scale [8]. The inhaton held is then quantized by choosing a particular mode functions and one 
may use this selected mode to dehne the vacuum state. 

In the standard method, we should choose the linear combinations of mode functions that match 
with the vacuum mode functions in the short distance limit. This is actnally the cornerstone of 
the Bunch Davies (BD) mode [9] which is selected in accordance with the asymptotic hat space- 
time [8]. Not only the inhationary universe is not hat bnt also it has dynamics and it is well 
known that the early universe can be described with approximate dS space-time [10, 11], thus 
the study of quantum theory of helds and cosmology in the dS background are well motivated. 
Noting that onr nniverse at the hrst approximation can be described by the dS space-time, 
however, it is certainly conceivable that as we go to shorter distances in early time, one should 
consider a dynamical Hubbel parameter in qnasi-dS background. 

Since, the recent data from Planck full mission temperatnre and a hrst release of polarization 
data on large angular scales measure the spectral index of curvatnre perturbations, impose 
a constraint on the valne of scalar spectral index approximately to be Ug = 0.968 ± 0.006 
at 95% CL [7] and this observationally constraint motivate us to use initial qnasi-dS modes. 
Therefore, by using of asymptotic expanding of the Hankel function for the selecting of ini¬ 
tial qnantnm modes, we proposed excited-dS modes as the general fnndamental modes during 
inhation[12, 13, 14, 15], and by using these alternative non-trivial modes, we obtained the 
higher order trans-Planckian corrections and scale-dependency of power spectrnm [13, 12]. 

In this work, we show that the departure from dS space-time to quasi-dS space-time can lead 
to a non-minimal coupling constant between scalar held and gravity in the action. Then, we 
calculate the number of created non-minimal conpled particles and scale dependency of it re- 
snlting from initial quasi-dS modes in comparison with conventional pure dS mode. Actually, In 
many situations of physical and cosmological interest, non-minimal conpling of the scalar held 
with scalar curvature is necessary. There are several reasonable gronnds to inclnde an explicit 
non-minimal conpling term in the action[16, 17, 18, 19, 20, 21]. Also, in the most scenarios of 
inhation, it turns out that a non-zero valne of the coupling constant is nnavoidable [17]. 

The rest of this paper proceed as follows: In Sec. 2, we review qnantnm particle creation in an 
expanding background. In Sec. 3, motivated from the constraint on scalar spectral index, we 
propose qnasi-dS background instead of dS background by considering the asymptotic expan¬ 
sion of the Hankel fnnctions. In Sec. 4, we provide an observational constraint for the non-zero 
valnes of conpling constant in quasi-dS background and we calculate the spectra of created 
particles in terms of conformal time r and Hankel function index v. We terminate the paper 
with discussions abont particle creation in the some specihc background, specially Mikowski, 
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dS and quasi-dS space-time with conformally, minimally and non-minimally coupled inflation 
at the early universe. 


2 Quantum Particle Creation in Expanding Background 


The general theory of quantum particle creation in expanding background is developed in details 
in Ref.s [1, 2], In a curved space-time a real scalar held 0 of mass m is described by the action 
[ 1 , 2 , 22 ] 

S' = i y d‘^x^/^(gP‘'dp(l)d^(t) - (1) 

where R is the Ricci scalar and is a constant parameter that characterizes the coupling 
between the inhaton and the graviton. In terms of the conformal time r, the metric tensor 
is equivalent to the Minkowski metric conformally, so that the metric given by 

ds^ = a?{T){dT‘^ — dy^)^ ( 2 ) 

where a(r) is the cosmological conformal scale factor. Writing the held 0(t, x) = a(r)“^M(r, x) 
, the equation of motion becomes 

u" - + (m^a^ + (6^ - 1)—= 0, (3) 

a 

and for a massless minimally coupled held, equation (3) turns to, 

u” - M = 0, (4) 

a 

where the prime denotes derivatives with respect to the conformal time r. 

The quantization follows by imposing commutation relations for the held operator u and its 
momentum canonically conjugate ft. 


[h(r,x),7r(r,y)] = f(f(x-y). (5) 

The creation and annihilation operators and can be introduced when the held operator 
it is expanded as. 


. 1 
u = - 
2 


d^k 

(27r)3 




re 


kx 


+ a\^ul{T)e 


-ikx 


and we hnd that the mode functions Mfc(r) satisfy the general equation of motion [22] 

u'kir) + ujl{iy,T)uk{T) = 0 , 


( 6 ) 

(7) 


where a;fc(z/, r) is frequency term that is dependent on the both of time and Hankel function 
index z/ for general curved space-time, but is only time dependent for special dS space-time. 
Each solution Ukir) must be normalized for all times according to 

ulu'k - uiuk = -2i. (8) 

A standard Bogoliubov coefficients (dk [22, 23, 24], can be related to the hnal phrase for the 
number of created particles (iV) in the k mode as 


{N) = W = -- + 


Aujkiiy, t] 




( 9 ) 


The concentration of created particles is readily obtained by integrating over all the modes. 
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3 General Asymptotic-dS Modes Instead Special dS Mode 


In a pure dS background with v = 1.50, the exact solution of (7) becomes 

i \ _-ikv , 


uf = 


y/k 


(1-+ 


\/k 


0 + 


( 10 ) 


Where and are Bogoliubov coefficients. This solution by setting = 1 and = 0, 
leads to the Bunch-Davies (BD) mode 




— fl-- 

-i/T V hn 


^—ikrj 


( 11 ) 


kf]' 

Since,the recent CMB results from Planck satellite impose an interesting constraint on the value 
of scalar spectral index approximately to be Ug = 0.968 ± 0.006 at 95% CL [7]. This constraint 
indicates that the index of Hankel function u lies in the range of 1.513 < v < 1.519 and at 
the early universe, space-time can indeed be replaced by a quasi-dS or nearly dS space-time 
rather than dS space-time. So that any primitive excited or approximate dS space-time can 
be considered as an acceptable state for initial background. Motivated by this fact that the 
inflation starts in approximate-dS Sitter space-time, we change the equation (7) to the general 
form [12], 

271, 


+ (^ — 0 , 




where A is given by [12], 


A = A{iy) = 


4z/^ 


( 12 ) 


(13) 


The general solutions of mode equation (12) can be written as [10, 12, 25]: 


Vk = 





(14) 


where are the Hankel functions of the hrst and second kind, respectively. Let us consider 

the general form of the mode function by using the asymptotic expansion of Hankel function 
up to the higher order of l/|A;r| for the far past time limit as follow. 


vr{r,n)=Ak- 


-,—ikr 


A 


y/k 


(1-^7- 


/S 


kr k'^T^ 


ikr A 

...) Bk — 7^(1 + i-j — 


/S 


^/k 


kr k'^r"^ 


+ ■■■), 


(15) 


note that fd = A{A — l)/2. The positive frequency solutions of the mode equation (12) are 
given by [12, 14] 


Vk = 


^ .A fd 


y/k 


1-i- - 


kr k'^r"^ 


(16) 


Note that, this general solution, only for v = 1.50 reduces to the pure dS mode which results in 
the hrst (linear) order in terms oil/kr and for another values of index v , the solutions contain 
higher order in terms of l/kr. As we know the recent observational results indicate that our 
universe starts in an approximate dS or quasi-dS space-time [8, 9] with v ~ 1.50 and varying 
Hubble parameter. 
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4 Calculation with Asymptotic-dS Background 

4.1 Constraint on Coupling Constant from Scalar Spectral Index 

For the minimal coupled massless inflaton field in the pure dS background, we can write Uk as, 

- 4 - ( 1 '^) 

On the other hand, for the minimal massless field in the quasi-dS dynamical background with 
z/ 7 ^ 1.50 , let us write ^^(t) as follows [12, 9, 14], 

= k‘^- (18) 

Only for the case of the pure dS space-time with v = 1.50, we have A = 1 and for the 
quasi-dS space-time for example quasi-dS space-time with u ^ 1.50 -|- e, where e is slow-roll 
parameter, we have z/ 7 ^ 1.50 or A 1. 

Also from (3), we offer the following frequency equation for non-minimal massless inflaton field 
in the pure dS background[26], 

+( 6 ^- 1 ) 4 - (^ 9 ) 

If we compare (18)and (19), we can consider the z/-dependent term ^ with minimal coupled 
field .^ = 0 in the quasi-dS background, as the ^dependent term with non-minimal 

coupling field 7 ^ 0 in the dS background. So, by imposing the constraint on the value of 
scalar spectral index from [7], we obtain the following constraint for spectral index, Hankel 
index and coupling constant in quasi-dS inflation. 



0.962 <n,< 0.974, 

( 20 ) 


1.513 < z/ < 1.519, 

( 21 ) 

and 

-0.0047 < ^ < -0.0033. 

( 22 ) 

This finding 

is similar to the results that previously obtained in Ref. [27] and in Ref. 

[28] via 


different methods[ 21 ]. 

Consequently, the field u in the quasi-dS space-time obeys the same equation of motion for a 
non-minimal scalar field in the dS space-time that originate from the change of z/, e.g. back¬ 
ground space-time. Non-minimal coupling of scalar field with gravitational field is necessary 
in many situations of physical and cosmological interest. In most theories used to describe 
inflation, a non-vanishing value of the coupling constant is unavoidable[20, 21]. Therefore, this 
z/-dependent term interpreted as the interaction between the scalar field and the gravitational 
field. As a result, the energy of the field u is not conserved in this background, and more 
important, its quantization leads to particle creation at the expense of the time-dependent 
gravitational background[ 1 , 26]. 
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4.2 Power Spectrum with Higher order Corrections in Quasi-dS 
space-time 

We use the following two-point function to calculate the power spectrum, [12, 25], 

(0|hfc(r)hfc'('?')|0) = -h k')\uk{T)\^, (23) 

where it is the quantum mode function. If we use the curvature perturbation as Tikir) = 
(^), we can calculate power spectrum P-jz and the dimensionless power spectrum in 
terms of TZki^) as follows[25], 

{nk{r)nkiT)) = {27t)H\k + k')Pn, (24) 


A?. = (25) 

By using equations (24 -25), for general modes (16) up to second order of l/Zcr, the modihed 
power spectrum for initial fixed time tq^, obtained in the following form[12]. 



2u + l 

{2nY^ ;f\2v-l) 


+ (2z/+ 1)2 



9) 

“iiV 


+ 


(26) 


If we consider the vacuum in the inhnite past time r —)■ 0, the vacuum is exact, but if it is 
imposed at a later time, for example Tq, it is natural to expect non-vanishing magnitude of the 
correction term (~ ^ = Also, for pure dS space-time, e.g. v = 1.50, this correction 

term is vanish and we will obtain scale-invariant power spectrum, but the corrections term is 
very tiny during inflation with quasi-dS space-time with v = 1.50 -|- e. 


4.3 Particle Creation in Quasi-dS Space-time 

In general, one expects particles to be created due to the changing gravitational held in an 
expanding universe. As a matter of fact the amount of created particles depends on how one 
actually hxes the vacuum [1, 2]. Hence at the hrst special time, we have a special observer 
which can assume the vacuum state that dehned by pure dS mode. As a special observer Oone, 
we call such a vacuum the ”one”-vacuum, aone\on^) = 0, because, in this time and other later 
time we have different points of space-time and in any point of space-time, there is a special 
observer frame and each observer in any frame may define for him/herself a special vacuum. 

. At an arbitrary another moment of time, an observer would use the solution (16) (with the 
u 7 ^ 1.50) to dehne another vacuum, that we call ”two”-vacuum \two). Because the quasi-dS 
mode depends on u and such modes change with time, any selection of u yields a different 
set of space-time and the different vacuum and hence, a set of different annihilation operators 
dtwo- So, we have, dtwo\two) = 0. It is obvious that the ’’One” and ’’Two” vacuum built over 
the dS and the quasi-dS modes (or vice versa), are different. In particular, the ”one”-vacuum 

^The time tq = is a fixed initial time that U. H. Danielsson, first, used this fixed time for calculation of 
power spectrum [29]. For a given k, he choose a finite tq such that the physical momentum corresponding to k 
is given by some fixed scale Mpi. Mpi is the energy scale of new physics, e.g. the Planck scale. 
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\one) contains particles of the ’’two”-vacuum \two). So, by using equation (9), we can calculate 
the number of created particles with the general asymptotic-dS modes as the following general 
form, 


{N{v,T))gen = -\ + + 

1 ^ (A-Bf 

^4|A;2r2-2A|V2^^^ kr ^ 


A 

k3g-3 

452 


52 

k^T^ 

+ ... 1 . 


+ -V 


(27) 


As a important result, we see that the number of created particles relate to index z/, that can 
be means the creation of particles may be dependent to the observer, background space-time 
and it’s dynamics. Also, it can grows in the later time limit r —)■ 0, which particle creation 
appears to be signihcant, that has been obtained in [26]. But these correction terms is very 
tiny for early time limit and become zero in the inhnite past, r — 00 . 


5 Discussions in Some Specific Background 

To verify the general formula (27), let us study particle creation at initial hxed time Tq, for 
some specihc backgrounds such as the Minkowski, dS and the quasi-dS space-times in early 
universe. 


5.1 Minkowski Background with Conformal Coupling 

If we consider u = 0.50, we obtain A = 0, .^ = 1/6 and B = 0, so the general mode (16)reduces 
to the Minkowski space-time mode. 


Min _ 


^—ikr 


Vk ’ 


(28) 


and it is clear that there is no particle creation which is the standard result [26], 

(iV(0.50,r))Min = 0. (29) 


5.2 dS Background with Minimal Coupling 

If we consider u = 1.50, then we obtain A = 1, .^ = 0 and B = 0, so the general mode (16) 
reduces to the dS space mode with BD mode (11) and one obtains 

(/V(1.50.r)).„ = -l + i|Fr^-2r(i + ^) 




4|A;2r2-2|V2^'^' kr ' k^r^^' 

This exhibits that in this background massless particles can be produced, the similar result 
previously was argued in Ref. [26]. 
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5.3 Quasi-dS Background with Non-minimal Coupling 

In this final subsection we show that the massless minimal coupled particles in the quasi-dS 
background can he equivalent to the massless non-minimal coupled or massive minimal coupled 
in the dS background. 

The case of z/ 7 ^ 1.50 is interesting since it can be related to the mass-dependent parameter in 
the context of f(R)-gravity through u = ^9/4 — 12Q;m^, where a is a dimension-full parameter 
which appears as a coefficient in f(R)-gravity [26]. On the other hand this case, as mentioned, 
can be related to the quasi-dS modes in which u = ^9/4 — 12 .^, appears as a variable parameter 
extracting by the changing of the background space-time. Therefore, within the context of the 
particle creation one can deal with massive particles creation. For example we study the quasi- 
dS space-time, that observationally is very important and in that case we have u = 1.50 -|- e, 
and by considering e = 0.013, we obtain A ~ 1.015 , B ~ 0.008, and the number of the created 
massive particles, up to second order ^ of quasi-dS modes, is given by 


{N{1.513, r)) gen = 


1 1-015 1.014 0.0003 

[kT -;-h ,, H——1“ -••I- 


4|A;2r2 - 2.03|V2 


kr 


k^T^ k^T^ 


(31) 


Note that the correction terms obtained from the above results grow in the later time but it is 
very tiny at the far past time limit, specially at initial fixed time tq. In the infinite far past, all 
of the correction terms are zero. 


6 Conclusions 

Actually, Recent Planck2015 results motivated us to use non-Bunch-Davies vacuum. In this 
paper, we used the general form of quasi-dS modes as non-trivial initial states during inflation 
to calculate the expectation value of the created particles in terms of the Hankel function index 
and the conformal time. First, we consider the mode in pure dS space-time as a background 
state and for the excited states we proposed general quasi-dS modes. For general form of 
quasi-dS modes, e.g. n 7 ^ 1.50, we use the asymptotic expansion of the Hankel function to the 
higher order of approximation. By taking into account this alternative modes and the effects of 
trans-Planckian physics, we obtained the expectation value of the created particles in standard 
approach. For the quasi-dS the higher order corrections of it is non-linear, but it converge at 
early time, and in minkowski and dS limit corrections reduce to the form that obtained from 
several previous conventional methods. 

On the other hand, we compared the general form of infiaton field equation (18) and (19), and 
the Planck 2015 constraint on spectral index , and we obtained the possible new constraints 
(20), for the values of coupling constant in the era with quasi-dS space-time. This finding is 
similar to the results that previously obtained by other scientists via different methods. As 
an main result, we indicated that the number of created particles and the value of coupling 
constant can be dependent to the selection of background space-time and it’s dynamics. 
Consequently, by slightly deviation from the pure dS mode to the quasi-dS modes, we must 



have V ^ 1.50, and this value stimulated us to using asymptotic-dS modes with higher order 
term of which lead to the converged higher order trans-Planckian corrections term at initial 
hxed time Tq and large number of non-minimal particles at later time. As it is known at 
the early time in short distance regime the energy was very high and the universe was in the 
maximal symmetry, therefore these tiny higher order trans-Planckian corrections and created 
particles with non-minimal coupling constant may be recast as a source to generate an effective 
interaction between quantum fields and gravity. In the context of effective field theory, in 
micro scales the initial symmetry may be broken by such non-linear corrections to outburst and 
propagation non-minimal quantum held in the macro scale, and in later time the large number 
of created non-minimal particles can be to interact with gravity in macro scales to formation of 
galaxies and galaxies cluster in large scale at later time. In future work, the consequences of the 
constraint on the coupling constant and other result from quasi-dS space-time with dynamical 
background will be investigated. 
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